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The Two-Dimensional Laminar Wake
with Initial Asymmetry

Anthony Demetriades*
Montana State University, Bozeman, Montana

A FREQUENT problem in laser cavity flows, airfoil
aerodynamics, and similar two-dimensional fluid

problems is the mixing of two identical uniform, compressible
streams past a sharp trailing edge (TE) of a partition, on one
side of which the laminar boundary layer is thicker than it is
on the other. Since the streams are identical, this con-
figuration resembles an ordinary two-dimensional wake;
however, the disparity in the boundary-layer thicknesses is
bound to introduce asymmetries in the flow, especially
beyond but near the trailing edge. The distance beyond the
latter over which such asymmetries persist is of significance,
especially if no restrictions are placed on the flow Mach
number Me and the temperature ratio Tw/Toe of the solid
partition relative to the stagnation temperature of the stream.
This Note aims at presenting formulas valid for such an
asymmetric wake for any Me and Tw/Toe and any degree of
asymmetry introduced via the ratio P=6}/62, where 0 is the
boundary-layer momentum thickness at the trailing edge and
subscripts 7 and 2 refer to the two sides of the partition.
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For initially asymmetric wakes (arbitrary 0<P<oo) the
method used here is based on the linearized analysis of Gold1

for wakes with arbitrary initial profiles. Gold's analysis used
the Oseen linearization and a Chapman-Rubesin factor of
unity. The Prandtl number, left arbitrary by Gold, was here
assumed to be unity, to be consistent with the use of the
Crocco relation connecting the fluid, wall (or TE), and stream
(or wake "edge") temperatures T, Tw, and Te, respectively,

where u is the flow velocity and ( )e denotes the edge con-
ditions. The specific heat ratio 7 was taken to be 1.4 in the
computations shown below and the pressure was assumed to
be everywhere constant.

The present calculation will be shown here in summary,
since its details can be found in Ref. 2. The stretched
longitudinal and lateral distances are given in terms of the
physical coordinates x* andy* and the Reynolds number

by
y
-e

(2)

(3)

where /o* is the density. If the velocity profiles assumed at the
TE (x=x* = 0) are of the type
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then one can obtain
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Fig. 1 Wake profiles as a function of P= 0/ 70^ and distance ;c from
the trailing edge.



1348 AIAA JOURNAL VOL. 21, NO. 9

and Eq. (6) gives

m — -l = h(x,y\ Me,Tw/Toe,P)

X -

y-1

C=-. (7)

It is easy to show from Eqs. (6) and (7) that the initial
profiles [E_qs. (4) and (5)] are recovered for * = 0, that
u(x~oo)^h(x=oo) = 0 and it, /z(>=±oo) = 0, and that u,
h(y\P) = u, h(-y\\/P), as expected. Furthermore, in the limit
of large x the solutions reduce to the familiar asymptotic
form for laminar wakes, which do not contain P and depend
only on the similarity variable y/ldx.

Since experimental data with P^O are unavailable, a
minimum validity check of these formulas should be their
ability to reproduce, in the limit P=l , the classical two-
dimensional wake solution found originally by Goldstein3

and subsequently verified independently by Au and Berger,4

Zeiberg and Kaplan,5 and others.6 Indeed, for the case of
symmetry there is good mutual agreement among these
theories, including the present one. For example, when P— 1

(8)

which agrees with Goldstein's result over 0<jt<oo within a
maximum difference of 2%. Within their scatter, the
available experimental data for symmetric wakes also confirm
the above theory, at both low7 and high2'4 speeds.

The effect of initial asymmetry, present when 0<P<1, is
evidenced by an asymmetry in the flow profiles and a
displacement of the minimum-velocity point of the profile
away from the.y = 0 plane. Computations made with Eqs. (6)
and (7) indicate that both of these effects increase
monotonically when P decreases from 1 toward 0. Figure 1
shows that the profile asymmetry begins to vanish by Jt = 0.3
even in the extreme case of P = 0. Beyond about x=l the
profiles become symmetrical regardless of P and coincide with
the P- 1 profile, except for a lateral displacement toward the
side of the initially thicker boundary layer. This displacement
corresponds to the position y where the minimum velocity is
observed, and is illustrated on Fig. 2 again for P = 0, 0.5, and
1. Note that the displacement is largest when P attains its
extreme value of zero and is, of course, suppressed when P
tends to unity. Figure 2 also shows the minimum profile
velocity (the maximum in «), which can be found at any
distance x, and its dependence on P. It is seen that the
minimum velocity does not depend greatly on P; even for very
small P it differs by only a few percent from the
corresponding velocity for the symmetric wake. The general
conclusions drawn from Figs. 1 and 2 are that initial asym-
metry affects only the shape of the profile and that even this
effect vanishes soon after x = 1 .

It should be stressed that the present approach is based on
the Oseen approximation,1 which assumes that the velocity
variations across the wake are but a small fraction of the
stream velocity. Like similar theories4'5 employing some type
of linearization, the present method is also in good agreement
with Goldstein's results near the trailing edge where these
velocity variations are large.

A possible explanation for the observed agreement is that
the present solution is constrained to obey the initial con-
ditions at the TE (* = 0) as well as the conditions at y= ± oo;
the Oseen approach then also guarantees the proper behavior
at large x. Apparently, these constraints dominate the
solution to the point where the linearization restrictions
assume a lesser role. As for the asymmetry feature of the
present approach, a direct check must await the performance
of numerical calculations or the publication of experimental
results.
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Fig. 2 Deflection distance (top) and magnitude (bottom) of the
minimum velocity.
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Boundary-Layer and Turbulence
Intensity Measurements in a

Shock Wave/Boundary-Layer
Interaction

S. Raghunathan* and R. J. W. McAdamf
The Queen's University of Belfast, Northern Ireland

Nomenclature
= root mean square voltage
= frequency
= compressible shape parameter, =d*/0
-- length of separated flow region
= peak Mach number
= frequency parameter, =fy/U00

TU,* = freestream turbulence intensity, = u/ U^
Tu = turbulence intensity in boundary layer
u = velocity
u = root mean square velocity fluctuation
C/oo = freestream velocity
UBS = freestream velocity before shock
y = vertical ordinate
<5 = boundary-layer thickness

Subscripts
1 = conditions before shock at station 1
2 = conditions at the trailing edge of the model

Introduction

PREVIOUS work by the authors has shown that attached
turbulent boundary layers at zero pressure gradient are

sensitive to the freestream turbulence.1 The effect of
freestream turbulence on the boundary layer at positive
pressure gradients is very little understood.2 An investigation
of the influence of freestream turbulence on shock induced
separation is presented in this Note.

Experiments
Experiments were performed in a 10-cm2 transonic

suckdown tunnel with a slotted floor.1 The model was a roof-
mounted half-biconvex aerofoil (9 deg thick). During the tests
the peak Mach number was Mpk = 1.44 before the shock. This
resulted in a flow separation at the foot of the shock followed
by reattachment on the tunnel roof downstream of the trailing
edge of the model (Fig. 1). Boundary-layer and hot-wire
traverses were made at stations just upstream of the shock and
in the separated region at the trailing edge. The freestream
turbulence was varied by monoplane grids, the details of
which are given in Ref. 1. The freestream turbulence was
within the range 0.3-6.0%.

Results and Discussions
Velocity profiles upstream of the shock and downstream at

the trailing edge of the model are shown in Fig. 1. The profiles
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shown here are for a shock Mach number of 1.44 and
freestream turbulence levels of 7^=0.34 and 3.68%. The
profiles are normalized with respect to the corresponding
upstream boundary-layer thickness <5/ . The boundary layer
upstream of the shock is in a region of negative pressure
gradient and has a "full" velocity profile. Increase in Tu^
results in a fuller velocity profile. The velocity profile at the
trailing edge shows that the flow is completely separated. It
appears that the separated layer becomes thinner with larger
values of Tu^. This is obviously due to increase in momentum
exchange between the freestream and the separated layer at
larger values of Tu^. Thus, there is an influence of the
freestream turbulence and the boundary layer in the entire
region of the shock/boundary-layer interaction.

Figure 2 shows for various freestream turbulence levels the
boundary-layer integral properties in the separated layer at
the trailing edge expressed as a fraction of the corresponding
properties upstream of the shock. It is observed that for
Tu00<2%, the displacement thickness ratio 6|/6* and the
shape factor ratio H2IHl are very sensitive to Tu^ but the
momentum thickness ratio Q2/Qi is not sensitive to Tu^. The
values obtained here at low Tu^ are comparable to those
measured by Kooi3 and Delery4 at identical Mach number
and at similar locations. Kooi measurements were performed
on a flat plate with a shock generator, whereas those of Delery
were performed on an aerofoil. The freestream turbulence
was not measured in both cases.

The longitudinal turbulence intensity distribution at the two
locations and for Tu^ =0.34 and 3.68% are shown in Fig. 3,
The turbulence fluctuation levels are normalized with respect
to the corresponding freestream velocities upstream of the
shock. The turbulence intensity profiles show a strong in-
teraction between the freestream turbulence and the
boundary-layer turbulence in the outer region of the attached
boundary layer and the separated layer. The peak levels of
turbulence in the attached boundary layer near the shock are
close to the measured peak values on an attached boundary
layer at zero pressure gradient. However, the turbulence is
likely to have become anti-isotropic upstream of the shock.

STN1 STN2
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Fig. 1 Velocity profiles.


